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EQUATIONS FOR DETERMINING VEHICLE POSITION IN EARTH-MOON
SPACE FROM SIMULTANEOUS ONBOARD OPTICAL MEASUREMENTS

By Alton P. Mayo, Harold A. Hamer, and Margery E. Hannah
SUMMARY

Equations for 13 different combinations of sightings are presented for deter-
1ing the position vector of a vehicle in earth-moon space from simultaneous
soard optical measurements. The methods for reducing the measurements for posi-
n determination are basically triangulation methods and incorporate combina-
s of measurements made on either one, two, or three bodies (earth, moon, and
1). Angular measurements made at the vehicle consist of declination of a body,
tht ascension of a body, body angular dlameter, and included angles between a
ir and body center, star and horizon, moon center and earth horizon, landmark
l star, landmark and body center, orbiting beacon and star, and orbiting beacon
1 body center. The methods presented apply to the determination of the total
sition vector (distance and direction from a reference body). With the excep-
m of one method, the methods do not require the use of a stable platform.

The equations pertinent to the various methods are presented principally as
:kground material for studies to determine practical and accurate methods for
»oard optical navigation in earth-moon space.

INTRODUCTION

In the region between the earth and the moon, optical navigation techniques
| be used to obtain a position fix whenever the closest body is out of range of
» onboard radar. This region where optical measurements or sightings may be
» most useful can be separated into three sections: a region near the earth
re most of the optical sightings are made on the earth, an intermediate region
re sightings are made on both the earth and moon, and a region near the moon
re most of the optical sightings are made on the moon. It is conceivable that
a lunar trip sightings made on the sun may also prove useful.

Numerous combinations of optical measurements can be made onboard the lunar
ce vehicle for navigational purposes. Each measurement generally includes a
hting to either the earth, moon, or sun (hereinafter referred to as bodles).
‘ng the onboard measurements are body angular diameter, declination and right
ension of a body, and angular sightings between a star and a body center,
ween a star and a body horizon, between a star and a landmark or an orbiting



beacon, between a body center and a landmark or orbiting beacon, and between a

body center and the horizon of another body. Radar-distance measurements made

from a body and relayed to the vehicle are also of value for use in conjunction
with the optical measurements,

The use of these types of measurements for determining the vehicle position
vector in interplanetary space has been investigated in limited detail in refer-
ences 1 and 2. The use of nonsimultaneous onboard optical measurements in a
statistical procéss for navigational purposes has been investigated in refer-
ences 3 and k4.

The present report is part of a study of onboard navigational systems which
make use of certaln combinations of simultaneous onboard optical measurements to
obtain a position fix. The maln purpose of this report is to present the pertin
equations for 13 selected combinations. Each combination contains the minimum n
ber of simultaneous measurements for a nonredundant mathematical determination o
the total vehicle position vector (distance and direction from a reference body)
These 13 combinations were selected as a cross section of the much larger number
of possible combinations and include sightings on either one, two, or three bodi
(earth, moon, and sun).

The pertinent equations are presented as background material for studies to
determine practical and accurate methods for onboard optical navigation in earth
moon space. The equations will be especlally useful for any detailed study, suc
as a complete error analysls of a particular system of optical measurements,

SYMBOLS
i inclination of orbit plane of beacon to earth equatorial plane
l,m,n direction cosine of a line with respect to X-, Y-, and Z-axis,
respectively
Q orbital radius of orbiting beacon
R radius of body
by magnitude of position vector, (x2 + y2 + 22)1/2
t time of observation (measured from reference time ¢t = 0)
X,Y,Z rectangular right-hand axlis system where X-axls is in the direction
of Aries and Z-axis is in the direction of north celestial pole
X,¥,2 position coordinates in rectangular right-hand axis system
a one-half of angular diameter of body as viewed from vehicle
6 angle formed at vehicle by two lines of sight



right ascension of landmark as measured from earth at t =0
geocentric latitude of landmark

angle in orbital plane measured eastward from ascending node to beacon
at t =20

right ascension of ascending node of beacon orbit as measured in an
earth-centered coordinate system (i.e., arc in earth's equatorial
plane measured from the positive X-axis to intersection which orbital
plane makes with equatorial plane as beacon passes from south to
north)

angular rate of rotation of beacon eastward in its circular orbit

angular rate of rotation of earth about its axis

scripts:
orbiting beacon about earth
earth
earth center
earth horizon
landmark on earth
moon
moon center
sun
sun center
vehicle
0,3,k star 1, star 2, star 3, and star 4

ation:

l rectangular matrix
» column matrix

absolute value

Bar over a symbol indicates a vector.



Two subscripts are used with position coordinates; for example, Xye, ¥ves

and zye are the coordinates of the earth in a vehicle-centered system.

Two subscripts are used with angles except for body angular diameter; for
example, 031y 1is the angle included at the vehicle by star 1 and the moon cente

DEVELOPMENT OF METHODS

General Comments

The number of different optical navigational methods (combinations of
sightings) available for earth-moon flight is large. An attempt has been made,
however, to include sufficient combinations to give an indication of the range ¢
possible measurements. Most of the navigational methods selected result in rela
tively simple expressions for the position vector.

Angular measurements made at the vehicle consist of declination and right
ascension of a body, body angular diameter, and included angles between a star
and body center, star and horizon, moon center and earth horizon, landmark and
star, landmark and body center, orbiting beacon and star, and orbiting beacon an
body center. Also incorporated in one of the methods is a radar-distance measu
ment made from a body and relayed to the vehicle. In any of the methods the so.
tion for the vehicle position vector requires the knowledge of one or more dis-
tance values (such as earth, moon, or sun diameter, distance between earth and

moon, etc.).

In each of the methods presented, a vehlcle-centered right-hand rectangular
system of axes was used in deriving the equations. In this system, the X and
Y axes are oriented in a plane parallel to the earth equatorial plane with the
X-axis in the direction of Aries and the Z-axis 1n the direction of the north
celestial pole. None of the angular measurements requires a sign convention,
except the declination and right-ascension measurements in method II. Also, thi
method 1s the only method requiring the use of a stable platform.

Each measurement will generally yield a surface in space, anywhere on whicl
the vehicle may be located. For example, the angle measured between a star and
a body center will fix the position of the vehicle on a cone with the body as ti
vertex. The different surfaces of position which are determined by the various
measurements are illustrated in figures 1 to 3. ZEach of the navigational methoc
presented herein combine these surfaces in such a manner as to pinpoint the
vehicle position with respect to a body. For any one method, the minimum numbe:
of measurements are used that will provide a nonredundant mathematical solution
of the vehicle position vector.



Figure 1.- Sphere of position of a space vehicle obtained by measuring angular diameter of a
body or by measuring radar range from a body.

Figure 2.- Cone of position of a space vehicle obtained by measuring the angle included
between a star and a point on or near & body {body center, body horizon, landmark,
or orbiting beacon).



(e} Included angle < 90°.

Figure 3.- Surface of position of a space vehlcle obtained by measuring the included angle
between two bodies.



Measurements

One-body (earth or moon).- Six methods involving measurements on one body
sarth or moon) are presented. Four of these methods involve measurements of the
igular diameter of the body. Of these four methods, one employs measurements of
1e angle included between a star and body center, one employs a stable platform,
le makes use of sightings of a landmark, and one makes use of sightings of an
‘biting beacon. Because angular-diameter measurements in general involve low
ites of change with distance and are difficult to make accurately at close range,
10 methods which do not incorporate this measurement are included. One of these
10 methods makes use of a radar-distance measurement made from the earth and
1layed to the vehicle. In the other method, measurements of the included angle
tween a star and the horizon are used since this measurement is rather sensitive
» vehicle position change over the entire region of earth-moon space. This method
iich involves only one type of measurement avoids direct determination of body
igular diameter and because of this may have desirable characteristics. The
‘biting-beacon and landmark measurements are included because these measurements
wve high rates of change with time and may have effects on accuracy which are
fferent from those of other types of measurements. The methods utilizing meas-
‘ements on one body cover a wide variety of measurements and are illustrative of
le results ordinarily obtainable from one-body measurements.

Two-body (earth and moon).- Three methods involving measurements on two
dies (earth and moon) were selected in such a manner that two methods utilize
dy-angular-diameter measurements and one does not. The measurements used in
iy one of the three methods were about equally divided between measurements made
| the earth and measurements made on the moon. The results obtained from these
thods are illustrative of those obtainable from any triangulation method
wolving both the earth and the moon.

Three-body (earth, moon, and sun).- The measurements on three bodies (earth,
on, and sun) represent the maximum number of bodies on which measurements will
‘obably be made in earth-moon space. Of the four methods presented herein, one
:asures only directions (angles) between stars and body centers. The other three
thods include a measurement of the angular diameter of either one, two, or three
® the bodies. It is presently not known how effective the three-body methods may
*. It is suspected, however, that the methods involving the angular diameter of
e sun will have poor accuracy in the earth-moon region because this angle has a
'ry small variation over this region of space.

Derivation of Equations

Method I.- Measurements of included angles between each of three stars and a
dy center and the angular diameter of the body will yield the vehicle position
ctor. A sighting on a star and on a body center results in a cone of poslition
th the vertex at the body center. (See fig. 2.) Sightings on any two stars
11 produce two cones which intersect, giving two possible lines of position.

e third star (cone) establishes the actual line of position of the vehicle. The
jhere of position obtained by the body-angular-diameter measurement (fig. 1)
termines the location of the vehicle along this line of position. The



combination of optical angular measurements for method I is illustrated in
sketch 1 (earth taken as an example).
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To star 2
To star 1 Ble

\C‘ 3 ‘>_Y
X

‘-.Vehicle

Sketch 1

The cosine of the angle at the vehicle included by star 1 and the earth cer
ter is

cos B1e = l1le + mMe + Nng (1)
but
~
pe
1 — Ve
€ 7 Tye
Yve
me = —— (2)
Tye > 4
ng = Zve
- Tyve
S




that

1 + my. + nqyz
cos 8 = 1¥ve 1Yve 1Zve (%)

Tye

m consideration of the angular diameter of the earth,

- B (4)

Tye =
sin ag
1 substituting this expression into equation (3) gives

R

E
l1Xye * M¥ye * D12y = EI;—EE cos 0O]e (5)

)ressing the relations for the two other stars in a similar manner results in
: following set of equations for the determination of vehicle position by

shod I:

— —=-1
4 ™
= RE
Xve Zl ml nl HI-}—G,—E- CcOSs ele
Rp
<yve> = 12 m2 n2 ﬁm cos Bge> (6)
R
Zye iz m3 n3 2 cos B3¢
_ fin g J

In this method, as in the other methods, it is assumed that the stars can be
rognized and that thelr direction cosines are known.

Method II.- Method II is similar to method I but avoids a body angular-
meter measurement. The angular-diameter measurement is replaced by a radar
\surement, made from a body, of the distance between the vehicle and body cen-
*. This method is illustrated in sketch 2.



e 1N

To star 2
To star 1

\---Vehicle

Sketch 2

From the procedure given for method I (see egs. (1) to (3)), the following
set of equations is obtained for determination of the vehicle position by
method ITI:

) —_ — -1
~ ™
Xye 11 m g Tye COS 03¢
<yve ? = 12 ID2 n2 <I‘ve COS 62e> (7)
Zye 23 m5 n5 r,e COS 95e
- 7 — - - W,

Method III.- This method for determining the vehicle position vector involve
measurements of the right ascension, declination, and angular diameter of a body.
The right-ascension and declination sightings are made with reference to a stable
platform. These two sightings determine a line of position in space and the body
angular diameter determines the vehicle location along this line. The measure-
ments for method III are illustrated in sketch 3; the platform is inertially
stabilized and oriented parallel to the XYZ-axis system.

10



Vehicle---,

Sketch 3

m sketch 3, it is seen that

Xye = Tye COS & cos A
Yye = Tye C€OS d sin A
Zye = Tye 85in &

re 8 1is the declination of

> Y

(8)

the earth (positive north from the X-Y plane of

platform) and A 1is the right ascension of the earth as measured in the
plane of the platform (positive eastward from the X-axis).

Substituting equation (4) into equations (8) gives the following set of
ations to determine vehicle position by method III:

(.

('
% _Be
ve sin ag
Rg
<yve - <sin o
Rg
Gve sin ag

"\
cos § cos A

cos d sin A

sin &

~"

(9)
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Method IV.- In method IV, vehicle position 1s determined by measurements of
included angles between each of three stars and a landmark, included angle betwe
the body center and landmark, and angular diameter of the body. The various
sightings are illustrated in sketch k4,

/--Landmark

To star 1

“---Vehicle

Sketch 4

In sketch 4, the position vector of the center of the earth as measured frc
the vehicle is

Tye = Xye *+ Yve + Zve (1c
and the position vector of the landmark with origin at the center of the earth i

Tep = X1 t yel + -Z-eZ (11

The distance from the vehicle to the landmark as determined from equations (10)

and (11) 1is
1/2
= <li§e + Xey

2
A

2 2

Tyl + 12Zye + Zel

+ i§§e + Ye1

= lrve + Tel

12



By reasoning similar to that employed in method I, the cosines of the angles
«cluded at the vehicle by stars 1, 2, and 3 and the landmark, and by the center
* the earth and the landmark, respectively, may be determined from the following
pressions:

Tyy €08 By = Zl(xve + xel) + ml(Yve + Yel) + nl(zve + Zez) (13a)

Ty €os 6oy ZE(Xve + Xel) + m2(yve + yel) + nE(Zve + Zel) (13b)

Ty cos 951

15(xve + Xel) + mB(yve + yel) + n}(zve + Zel) (13c)

ryy COS By = Xve(Xve + Xel) *+ Yve(¥ve * Yel) I/Zve(zve + Zel) (134)

(xve2 + Yve2 + Zvee)

cos 912

1tiplying equation (13b) by Py and subtracting the result from equa-
cOSs 21

on (13a) ylelds

. cos 073 N cos 673 coS5 911
g - —lIx m - mp ———— + iny - Nnp ———|2
1 2 o8 851 ve 1 2 o8 651 Yve 1 2 Zos 907 ve

cos O cos 6 cos 8
11 12 11
= o ———— -1 X + |my —— - m + |np ————n - n YA
(2 cos 6o3 l) el (2 cos 6p3 ]>yel <2 cos 6p1 l> el
(14)

- using a similar procedure between equations (13c) and (13a) and between equa-
ons (13d) and (13a), and substituting

2;/2 ) } Rp

2 2
(Xve t Yve© t Zve = Tve T Sin og

15



into the last of the resulting equations, the following set of equations is
obtained for method IV:

r- —
) cos O cos B cos 8
11 11 11
X 1 "Z St —— my - M ———— e n -n
ve 1%*%2 358 857 1772 o8 = 1-np Py 551
cos 8 : cos O
cos 83 cos 83 5 cos 63,
cos 6738in « cos B33sin 3
Zye 11 - Xgp 11 E m] - Yoy 11 ap ny -z cos 01;sin ap
. J B Rg cos 0¢3 R cos 8¢y R COS 8¢
1 =
cos 013 cos 813 cos 817
lp ——— - 1 + (mp ——=* _ N )
2 Tos 821 1)%e1 2 Cos 821 1) Yel "2 o8 021 1)zl
cos 8 cos 8 cos O
11 11 11
X { (12 ———=% = 19)x07 + [mz ——% - m + [n _nz>,
R cos 0713 . s .\
- X m nz
LE sin ap cos B, ( 1%e1 el 1 ez) J
(15)
where
-~
X, = BRg cos @ costEt + %CD
Ye; = Rg cos @ sin(wEt + %O)> (16
Ze3 = Rg sin @ J

Method V.- Method V is similar to method IV except the landmark is replace
by a beacon in a circular orbit as illustrated in sketch 5.

14



Beacon---.

To star 1

\--Vehicle

Sketch 5

To star 2

The equations are derived in the same manner as those for method IV and may

e obtained by substituting angles to a beacon for angles to a landmark and

efining Xgp,

Y
Xye

Yve

Zye

<

os 8op

Yep: and zep.
l1=-1o Z—Z—Zi—;‘: my -y 2—2—2—%]2‘-%
11 - 15 %z—-z% m) - o3 -ZZ——:?%
e

The set of equations for method V is as follows:

— -1
cos elb
o1 -h2 cos 0op
cos 671y
nl-n5 cos 65b
cos elbsin A
n, -z
1 eb RE cos eéb_
~

cos Bop

CcOSs el'b cOSs elb cOos Olb
1p wwm—— -1 + —_ + —_—
(2 cos 8oy l)xeb (m2 c T1)Yeb 2

cos O cos 0 c 8
X 13 ——1b _ 11}Xep + (13 b m |Yep * (D3 £0° Pib
cos B3y, cos 63z cos Oz,

cos ©
Rg s - (leeb + MYep + nlzeb)
sin ap cos Bep

- nl)zeb

vy
(17)
15



where

~
Xep = Q COS {%in‘l[}in i sin wt + ¥ j} {% + tan'l[%os i tan(abt + ﬁﬁ}

5 (18]
Yep = Q cos sin‘l[éln i 31n wbt + ¥ j} sin {% + tan‘lm}os i tan(wbt + Wj}
Zep = Q sin 1 sin(abt + w)

Method VI.- This method for determining vehicle position involves measure-
ments of included angles between each of four stars and the horizon of a body.
Method VI avoids the direct measurement of body angular diameter, although, as
shown in sketch 6, this angle is used to establish the equations.

- [

To star 3

To star 4 /
To star 2

To star 1

l--Vehicle

Sketch 6
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For simplicity in drawing the sketch, the stars are shown as coplanar. This
striction, however, does not apply to the development of the equations. In
ct, the stars must not be coplanar.

The angle included at the vehicle by the line of sight to star 1 and the line
sight to the point on the earth horizon nearest to this star is

81h = B1e - 9g

en,

810 = 01 * O (19)

e equation for the cosine of the angle included by star 1 and the earth center

1 + my. + nqz
cos (B + a - 1%ve 1Jve 1%ve (20)
1h B Tve

, from substitution of equation (4) into equation (20),

Rg

cos(elh + aia = 11Xye * M}¥ye * N1Zye (21)

sin ap

After substituting the trigonometric function for cos(elh + aE) and col-
cting terms, the following expression results:

1

cot A = s
RE cos elh

olxve + My, + NyZye + Ry sin elh) (22a)

Similar operations yield the following equations for the other three star-
-horizon measurements:

1
coton=————-——(?,x +m + npzye + R sine) 251
T Rg cos Bon 2%ye oYve 2%ve E 2h ( )
1
cot ap = ——————————(15xve + M3yye + N3Zye + Rg sin e5h) (22¢)
RECOSBBh

17



cot ag =

1

Rg cos Guh

Ouxve + myye + D) Zye + Rg sin euh)

(224

Eliminating cot ay from the four equations ylelds the following solution for t
vehicle positlon by method VI:

-~
Xva

fry <1

Z
\veJ

%

—

.

31 ip
cos elh cos Bop
Zl 23
cos elh cos 95h
cos elh cos B,

f

sin 92h sin 67y
cos 62h cos elh
sin 83h sin 91n
cos e;h cos elh
cos ehh cos elh

A

1 -1
ml _ m2 nl _ n2
cos elh cos 62h coS elh cos 8oy
cos elh cos 65h cos slh coSs 65h
ml m)+ nl nu
cos 81y " cos O4n cos 61p " cos Oun
(22

Method VII.- In method VII, vehicle position is determined by measurements

made on two bodies.
angles between each of two stars and the earth center and between each of three

stars and the moon center.

18

These measurements, illustrated in sketch 7, are the incluc



L-Vehicle

To star 1

Sketch 7

For any method involving measurements on the earth and moon, the coordinates
? the moon with respect to the earth center are required. This information is
*adily available from published ephemeris data.

The expressions for the cosines of the angles included at the vehicle by
;ars 1 and 2 and the earth center and by stars 1, 2, and 3 and the moon center
e, respectively,

I'ye COS B1g = l1Xye + MYye + N]Zye (2ka)
Tye COS 02e = 12Xye + MpYve + N2Zve (2kp)
Tym €O0S 01m = l1Xym + B1¥ym + D1Zvm (2he)
Tym CO8 Bpop = loXyp + MoYyn + NoZyp (24a)

Typ €08 B3y = 13Xyp + M3yyp + N3Zypy (2ke)

19



cos ele

Then, multiplying equation (2u4b) by and subtracting the result from

cos Boe
cos 6
equation (24a), multiplying equation (2kc) by EBE—E%E and subtracting the resu
cos B
from equation (24d), multiplying equation (2ke) by 353_522 and subtracting the
3m
result from equation (24d), and substituting
N
Xvm = Xve t Xem
Yvm = Yve T Yem 5 (25

Zym = Zvye t Zenm
A

into the resulting equations yields the following solution for the vehicle
position by method VII:

- - ~1
N cos B cos 6 cos 8
Xye iy - 12 —— le mp - mp _— le ny - np — le
cos Bpe cos Bpe cos Bpe
cos 6 cos 8 cos 0
2m 2m 2m
Yve > = 22 - 1] —— mp - my ———— Ny - N} ————
cos O3y cos By cos Oy
cos 92m cos 92m cos 62m
Zye lo - 1z ——— mp - Mz ———— Np - Nz ————
\_ cos 65m cos 95m cos 95m
e ™
C
. coB 62m AN o (a cos 92m Cmly . cos 92m o,
1 355s 81m 2)%em 1 os 81m 2]7em 1 cos 81m 2 em>
X9
cos 62m cos Oop cos Bop
12 ———— - 1 + (my ——— - + = .
5 cos 8 2] ¥em > cos 6 T2|Yem 3 cos 6 2 [Zem
A 3m 3m Sm J

Method VIII.- Method VIII incorporates measurements of included angles
between a star and the earth center, between each of two stars and the moon

20



nter, between the moon center and earth horizon, and the angular diameter of

e earth. The various sightings are illustrated in sketch 8.
To star 3
Z
A /
g
/
/
Moon Omh 7 Tye
Ve
O3m 7
: /
Tym 92om b
%1e 4&“""‘
“I.>\ - Y
“--Vehicle
To star 1
X
Sketch 8

O

e

Earth

To star 2

The expressions for cosines of the angles included at the vehicle by star 1
i the earth center, by stars 2 and 3 and the moon center, and by the moon cen-

¢ and earth horizon are, respectively,

cos ele

Rp ——————— = 19X + m +n
E 31n g 1¥Xve 1Y ve 1Zve

Tym COS Bop = loXyp + Wo¥ym + N2Zyy

1l

13Xy + Mzyym + N3Zypy

(27a)

(27p)

(27¢)

21



Ry

——— Typ CO8 (9mh + O"E) = Xyp¥ve t Yvm¥ve t Zvm?ve (274)
sin ap

Elimination of rym between equations (27b) and (27c) and substitution of
equations (25) into the resulting equation yields the second equation of matrix
equation (28). The third equation of the matrix is obtained by multiplying equa-

R cos(e + ag)
. E mh * OF, . .
tion (27b) by 5Th o cos bon subtracting the result from equation (27d),
R 2
. . B _ 2 2 2
and substituting equations (25) and ——mm + Yve into the

> - Xyve * Zye
sin G‘E

resulting equation. Hence, the determination of vehicle position by method VIII,
as given by equation (28), is

. w r B -1
Xye 31 my o oy
cos 92m cos 92m cos 92m
= - —_——— Mo - M No = Nz ——————
yveL t2 - 13 cos 8zp 2 5 cos 83 2 3 cos 83
x . RE cos (emh + an) v mp RE cos(6mh + C"E) tem - Tz RE cos (emh + G‘E)
Z e = .
ve en 2 sin ap cos 8om en sin ap €os Bom sin af cos 9om
- | i
s R =~
E
cos @
sin ag le
cos B cos 92m N cos B
1 - Iolx + m - molYy, Nz ———— - NofZen
X 3 cos O3y 2]em 3 cos B3y 2/ em 3 cos O3
2
( Ry  cos(By, + ag) Rg
IpXenm * Mo¥em * n2Zem) — -
T sin ag cos Bop sinzc,E
.

(=2t

22



Method IX.- Method IX involves measurements of the included angles between
tar and the earth center, between another star and the moon center, and the
ular diameters of the earth and the moon. (See sketch 9.)

To star 2

Earth

“--Vehicle

Sketch 9

cosines of the angles included at the vehicle by star 1 and the earth center
. by star 2 and the moon center are, respectively,

sin CLE

sin aM

Rg
cos B1e = l1Xye + mM¥ve + N1Zve (29a)

By

cos 82m = loXyp + Mpyyp + NpZynm (29b)

- distances from the vehicle to the earth and from the vehicle to the moon are,

pectively,

Rg
sin agp

2)/2 (308)

= (xve2 + yve2 + Zye

25



1/2

R
M - (xvme + yvm2 + va2) (BOb:

sin aM

Squaring equations (30a) and (30b), subtracting (30a) from (30b), and substitutir
equations (25) into the resulting equation and into equation (29b) yields the sec
ond and third equations in the following matrix equation for determination of
vehicle position by method IX:

r ~
0
Y -1 cos Oy¢
X 1 n n Rp —m———
ve 1 1 1 E sin ap
cos 8 .
<yve$ =112 mp np <RM Prra—— 1pXep =~ Mp¥em -~ nzzem> (31
RM2 RE2 2
Zye ZXem Wem 2Zem > - > - Tep'
~ 7 L . sin® ay sin® op
~ J

Method X.- In method X, measurements are made of the lncliuded angle between
a star and the earth center and the angular diameters of the earth, moon, and
sun. {(See sketch 10.)

Z To star 1 Barth

Sketch 10
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For any method involving measurements on the earth, moon, and sun, the coor-
nates of the moon and sun with respect to the earth center are required
phemeris data).

The angle included at the vehicle by the star and the earth center may be
und from the following equation:

cos ele

Ry sin ag = l1Xye T M¥ye + N1Zye (32)

2 squares of the distances of the earth, moon, and sun from the vehicle are,
spectively,

Rg”
2 2 2
2 = Xye t Yve *t Zve (33a)
sin aE
2
Ry
___i 5 = X‘VIIIE + yvm2 + va2 (33b)
sin“ay
2
R
S
= Xvs2 + YVSE + sz2 (33c)

> of equation (32) with the two equations obtained by subtracting equation (33a)
>m equation (33%b) and equation (33a) from equation (33c) and substitution of

&

Xym = Xye T Xen

Xys = Xye t Xes

Yvm = Yve ¥ Yem

} > (54)
Yvs = Yve ¥ Yes
Zym ®Zve T Zem

Zys = Zye t Zes

J

to the result yields the following solution by method X:

2>



2Xem

@ve ) 2Xeg

oy

Yem

Yes

r 7
N - -1 cos Ble
1 E sin R
2 2
R
EZem RM - E - rem2 > (Bf
sin2 ay sin2 R
Rg” Rg” 2
2z - - - T
es 5 12 es
] \§1n ag sin“ ap J

Method XI.- Method XI incorporates measurements of included angles between

three stars and the centers of the earth, moon, and sun.
sketch 11, not all of the stars are used in connection with all of the bodies.
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e angles included between star 1 and the centers of the earth, moon, and sun,
tween star 2 and the centers of the earth and moon, and between star 3 and the
nter of the sun may be found from, respectively,

Elimination of r

T'ye

Tym

Tys

ve?

cos B1e = l1Xye + M1Yye + N1Zve

Cos By = 11Xyy + M Yym + N1Zyp

cos 815 = l1Xyg + M1Y¥ys * N1Zysg

cos Bpe = lpXye + Mpyye + NDZye

cos Opy = lpXym + Mp¥yp + NpZyp

cos 835 = 13Xyg *+ M3¥ys + N3Zyg

(36a)
(36D)
(36¢c)
(364)
(36e)

(36¢)

Tyy, and rys between appropriate pairs of equations

d substitution of equations (34) into the resulting equations leads to the
llowing solution for determination of vehicle position by method XI:

T

Xve

N
<
QU

Yve>

8

cos 8 cos 0
Z]_ - 22 -—ie_ mp - mo _.i
cos Opq cos Bpg
cos elm cos elm
Zl -l — my - My ——
cos Bop cos Bppy
cos 8 cos 8
Zl - 13 —_E my - m5 __._ﬁ
cos O3g cos 03g
-
cos 6 cos 6
22 im - Zl Xem + my —lm
cos 92m cos 92m

cos 8
1s
- 11>Xes + m5 ———cOS 93
S

-1
cos ele

a1 - o2 cos eEe

ny - n cos elm
1 Ccos 8o

cos 644

71 C n3 cos 95%J

cos Glm
cos 92m

cos 0
1s
- I + Ny ——
1>yes (5 cos 935

- ml) Yem * (HE

~N

_ nl)zem>

- n%)zes

J

(37)

Method XTT.- In method XIT, measurements are made of included angles between
star and the centers of the earth, moon, and sun, between another star and the
mn center, between a third star and the sun center, and the angular dlameter

the earth.

(See sketch 12.)
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The cosines of the angles included between star 1 and the earth center,
between stars 1 and 2 and the moon center, and between stars 1 and 3 and the
sun center are expressed, respectively, by the following equations:

cos 61,
Rg EIH_EE— = l1Xye + M¥ve * N1Zve (38
Tym CO6 O1p = lyXyp + M¥ym + N1Zyy (38
Ty €OS 6pp = lpXyp + Mo¥yp + NoZypy (38
Tyg €08 81g = l1Xyg + MlY¥vs + N1Zvs (38
Tyg COS 83g = 1xXyg + M3Yyg + N3Zyg (38
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After elimination of ryp and rys between appropriate pairs of equations
- substitution of equations (3L4) into the resulting equations, the solution for
hod XIT 1s as follows:

™ — -1
re 5} m ny
cos 6 cos B cos 0
re& = Zl - 12 ___—lm ml - m2 _.._lm nl - np —ﬂ
cos e2m cos 82m cos 92m
cos 0 cos 6 cos B
e Zl - 25 1s ml - m5 ——ls- nl - n3 —-ﬁ
y cos 633 cos 653 coSs 65%4
cos ele h
Rg ———=
sin ap
cos 8 cos 6 cos 6
lm 1m 1m
1 -1 + —_—— + _
X < 2 Cos 8om 1) Xem "2 cos Bpp 1) Yen 2 COos Boy 1/ Zem >
: cos els 2\« + o cos els Cmly + [n cos els ol
5 cos 655 1) Tes 5 cos 655 1)es 5 cos 655 1) “es
L J

(39)

Method XIIT.- Method XIIT involves measurements of included angles between
1 of two stars and the sun center, between one of these stars and the earth
;er, between another star and the moon center, and the angular diameters of the
‘h and moon. (See sketch 13.)
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The cosines of the angles included by star 1 and the earth center, star 2
and the moon center, stars 1 and 3 and the sun center are given, respectively,
by the feollowing equations:

cos 8
le
Rp ——m8 8 ¥ — = 13X + m + ny2
sin og 1%ve 1Yve 1%ve (hOa
cos Bop
—_— = 1nx + m + noz L4ob
sin oy 2%ym 2¥vm 2Zvm (
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il

Tyg COS B1g = liXyg + M]¥yg + N1Zys (Loc)

Tryg COS 855 ZBXVS + mByvs + nBsz ()40(1)

Elimination of ryg between equations (L40c) and (40d) and substitution of

ations (34) into the result ylelds the following solution for determination of
icle position by method XIII:

-~ — —=-1
e I3 my ny
e> = |2 mp np
cos 6 cos @ cos 8
1s 1s 1s
e Zl - 23 T —— ml - m3 ——— nl - n3 —————
/ i cos 83g cos 03g cos B3g
s 6 7
cos
RE le
sin ag
cos Bpp
x { Bu 5in ay (7'2Xem + mpyem + ngZem) >
. cos els AN o (o cos els . o [y cos els s
5 Zos 03 1)7es 5 cos 835 1)Yes 3 Cos 035 1) °°
L J
(41)

CONCLUDING REMARKS

Equations have been developed for 13 different combinations of simultaneous
c>ard optical angular measurements which result in a position fix in earth-moon
2e. The various combinations were selected to give a cross section of the
gze number of methods available. The equations pertinent to the various methods
> been presented mainly as background material for studies now underway to
armine practical and accurate methods of onboard navigation in different
lons of earth-moon space. The equations will be especlally useful for detailed
iies of any method, such as a complete error analysis of a particular system
Ooptical measurements.
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No consideration has been given to the instrumentation difficulties, the
main purpose of the report being to determine the basic equations pertinent to
the navigational problem. Each of the methods includes the minimum number of
measurements for a nonredundant mathematical solution. For a practical onboard
navigational system, the number of measurements needed for any methcd of deter-
mining the vehicle position vector can be reduced by augmenting the system with
advance information. For example, the number of star-to-body angle measurements
can be reduced from three to two if the approximate location of the trajectory i
generally known at any time throughout the trip.

For a practical application of any of the methods, the measurements would
require some corrections for the effects of aberration, refraction, and other
factors. In addition, the accuracy of any method would not only depend upon the
accuracy of the sighting instruments but on an accurate knowledge of the body
diameters, distance between the earth, moon, and sun, and exact positions of the
stars.,

Langley Research Center,
National Aeronautics and Space Administration,
Langley Station, Hampton, Va., November 19, 1962.
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